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ABSTRACT. In a previous paper, we have shown that the geometry of double
field theory has a natural interpretation on flat para-Ka¨hler manifolds. In this
paper, we show that the same geometric constructions can be made on any
para-Hermitian manifold. The field is interpreted as a compatible (pseudo-
)Riemannian metric. The tangent bundle of the manifold has a natural, metric-
compatible bracket that extends the C-bracket of double field theory. In the
para-Ka¨hler case this bracket is equal to the sum of the Courant brackets
of the two Lagrangian foliations of the manifold. Then, we define a canonical
connection and an action of the field that correspond to similar objects of double
field theory. Another section is devoted to the Marsden-Weinstein reduction in
double field theory on para-Hermitian manifolds. Finally, we give examples of
fields on some well-known para-Hermitian manifolds.
1 Introduction
Since several years double field theory has been a subject of much interest in
the research in theoretical physics that involves T-duality. We refer the reader
to [10, 12] for an account of the subject (see also the much earlier paper [3]).
In [24], we have explained that the geometric framework of double field theory
may be identified with a flat para-Ka¨hler manifold. The aim of the present
*2000 Mathematics Subject Classification: 53C15, 53C80 .
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paper is to show that an action similar to that of double field theory can be
constructed on any para-Hermitian manifold. We do not intend to discuss
whether there is any physical interest in the obtained action functional and
this question remains to be answered by physicists. In [11], the authors
propose an invariant framework for double field theory where double space is
characterized by “generalized coordinate transformations” and define a non-
canonical connection, with the same torsion condition that we will use, and
a different curvature tensor.
In the present paper everything belongs to the C∞ category and we follow
the usual notation of differential geometry, e.g., [13].
For a survey on para-complex and para-Hermitian geometry and for the
literature on this subject, we refer to [1]. An almost para-complex structure
on a differentiable manifold M2n is a tensor field F ∈ End(TM) such that
F 2 = Id and the ±1-eigenbundles of F have the equal rank n. Hence, the
manifold must have an even dimension 2n. A metric tensor is a 2-covariant,
symmetric, non degenerate tensor field γ, and γ is compatible with the almost
para-complex structure F if
(1.1) γ(FX, Y ) = −γ(X,FY ).
If (1.1) holds, (F, γ) is an almost para-Hermitian structure, the 2-form
ω(X, Y ) = γ(X,FY )
is the fundamental form, and the structure is almost para-Ka¨hler if dω = 0.
We will denote by L = L+, L¯ = L− the ±1-eigenbundles of F ; the double
notation is introduced for more graphic convenience. By (1.1), L± are γ-
isotropic, hence γ must be of signature zero (γ is a neutral metric). If L±
are integrable, i.e., tangent to foliations L = L+, L¯ = L− (sometimes L±
themselves are called foliations), the word “almost” will be deleted from the
name of the structure.
The subbundles L± are isotropic for the form ω as well. Thus, in the
para-Ka¨hler case, the foliations L± are Lagrangian foliations, which is why
para-Ka¨hler manifolds are also called bi-Lagrangian manifolds [1]. We ex-
tend the use of the term “Lagrangian” from symplectic to almost symplectic
manifolds (where dω does not need to be zero), and say that L± are La-
grangian subbundles (foliations) in the para-Hermitian case as well, but we
do not extend the use of the term “bi-Lagrangian manifold”.
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Obviously, if a differentiable manifold has an almost para-Hermitian struc-
ture, there exists a corresponding reduction of the structure group of the
tangent bundle to O(n, n). This situation is analogous to that encountered
in generalized geometry (e.g., [7]), which suggests that it should be interest-
ing to study Riemannian metrics that further reduce the structure group to
O(n)×O(n); we call them compatible Riemannian metrics. In the literature
on double field theory it was shown that a given field, consisting of a Rie-
mannian metric and a 2-form on space-time, is equivalent with a compatible
metric on the double manifold, which has a natural flat para-Ka¨hler struc-
ture. The case of fields with a pseudo-Riemannian metric may occur but,
compatibility has a different definition to be given later on.
Accordingly, if a general para-Hermitian manifold is going to replace the
double of space-time, a field will be defined as a compatible metric and we
will recover the objects playing the role of the metric and form components of
the field in Section 2. In Section 3, we extend the notion of a C-bracket [10].
The extended bracket is the γ-compatible bracket defined by the Levi-Civita
connection and we will show that, in the para-Ka¨hler case, it is equal to the
sum of the Courant brackets of the Lagrangian foliations L±. In Section 4,
we construct a canonical connection that preserves the metric γ and has a
vanishing torsion-type invariant defined with the extended C-bracket. There
exists a scalar curvature-type invariant and the integral of the latter produces
an action of the field. In Section 5, we discuss Marsden-Weinstein reduction
by a group of symmetries with an equivariant momentum map in double field
theory on a para-Hermitian manifold. In the last Section 6, we give examples
of compatible metrics on the most known para-Hermitian manifolds: G×G
(where G is a Lie group), the cotangent bundle of a flat, pseudo-Riemannian
manifold and the para-complex projective models [6].
2 Fields and field components
We begin with the following definition (the word“pseudo” between parenthe-
ses is used to indicate that both cases may occur)
Definition 2.1. A field, equivalently, a compatible (pseudo-)Riemannian
metric on the para-Hermitian manifold (M2n, γ, F ) is a (pseudo-)Riemannian
(hence, non degenerate) metric g such that g|L− is non degenerate and
(2.1) ♯g ◦ ♭γ = ♯γ ◦ ♭g,
3
where the musical isomorphisms are those defined in Riemannian geometry.
The restriction g|L− is automatically non degenerate in the Riemannian
case. The choice of L− rather than L+ is made in order to facilitate com-
parison with the literature on double field theory. The subbundles L± play a
similar role, but the choice of the tensor fields F distinguishes between them
and to exchange L+ with L− we have to change F into −F . A manifold
with a structure (F, γ, g) as in Definition 2.1 will also be called a (pseudo-
)Riemannian, para-Hermitian manifold (para-Ka¨hler, if dω = 0). Finally,
notice that Definition 2.1 may be formulated on almost para-Hermitian man-
ifolds but we are not interested in this case.
Proposition 2.1. A compatible metric g is equivalent with an almost product
structure H on M such that the tensor field
(2.2) g(X, Y ) = γ(HX, Y )
is symmetric, non degenerate, and has a non degenerate restriction to L−.
Furthermore, H is an almost para-complex structure, and g provides a further
reduction of the structure group of TM to a group of the form O(p, q) ×
O(q, p), where p+ q = n.
Proof. Notice that in the Riemannian case we just have to require that g be
symmetric and positive definite. Generally, given g, we define H = ♯g ◦ ♭γ ∈
End(TM). Then, (2.1) is equivalent with H2 = Id, hence, H is an almost
product structure and we will denote by V± the ±1-eigenbundles of H . The
definition of H and (2.1) imply (2.2). Furthermore, we can see that the
condition that g|L− be non degenerate is equivalent with L−∩V± = 0. Indeed,
since L− is γ-isotropic, we have
g(v, w) = γ(Hv,w) = ±γ(v, w) = 0, v ∈ V± ∩ L−, w ∈ L−.
Thus, g|L− non degenerate implies L− ∩ V± = 0. For the converse, assume
that L− ∩V± = 0. If v ∈ L− is g-orthogonal to L−, then, Hv is γ-orthogonal
to L−, therefore, Hv ∈ L− and prV±v = (1/2)(v ± Hv) ∈ L− ∩ V±. Thus,
Hv = 0 and v = 0, which shows that g|L− is non degenerate. (Similarly,
g|L+ non degenerate is equivalent with L+ ∩ V± = 0.) Since rank L− = n,
L−∩V± = 0 implies rank V± ≤ n and because TM = V+⊕V−, we must have
rank V± = n. Therefore, H is an almost para-complex structure. Moreover,
if g|V± were degenerate, the decomposition TM = L− ⊕ V± would imply the
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degeneracy of g on TM , which is contrary to the hypotheses. Now, notice
that (2.2) also implies
(2.3) g|V± = ±γ|V± , V+ ⊥g V−, V+ ⊥γ V−.
Accordingly, γ|V± are non degenerate and, if p, q, p+ q = n, are the positive-
negative inertia indices of γ|V+ , the corresponding indices of γ|V− are q, p.
This remark and (2.3) justify the required reduced structure group.
Finally, it is obvious that if H satisfies the hypotheses of the proposition,
formula (2.2) provides a metric that satisfies the conditions of Definition 2.1.
Notice also the compatibility relations
(2.4) g(HX,HY ) = g(X, Y ), γ(HX,HY ) = γ(X, Y ).
Now, we will prove that a field in the sense of Definition 2.1 may be
interpreted as a pair that consists of a metric and a 2-form along the leaves of
the foliation L. The proof follows a known procedure of generalized geometry
[7, 24].
Proposition 2.2. On any (almost) para-Hermitian manifold, there exists a
bijective correspondence between the compatible, (pseudo-)Riemannian met-
rics g and the pairs (k, β) where k is a (pseudo-)Euclidean metric on L and
β is a 2-form on L.
Proof. The endomorphism H has a matrix representation
(2.5) H
(
X+
X−
)
=
(
ψ+ θ˜
θ ψ−
)(
X+
X−
)
,
where X± ∈ L±, ψ± ∈ End(L±), θ ∈ Hom(L+, L−), θ˜ ∈ Hom(L−, L+).
Correspondingly, the metric g may be written under the form
(2.6)
g(X+, Y+) = γ(θX+, Y+), g(X−, Y−) = γ(θ˜X−, Y−),
g(X+, Y−) = γ(ψ+X+, Y−), g(X−, Y+) = γ(ψ−X−, Y+).
The symmetry of the tensor g defined by(2.2) means that θ, θ˜ produce
symmetric tensor fields h± = g|L± and ψ± are the transposed of ψ∓ with
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respect to the metric γ. The non degeneracy of g|L− means that θ˜ is an
isomorphism. Furthermore, the product condition H2 = Id is equivalent to
(2.7)
ψ2+ + θ˜ ◦ θ = IdL+, ψ
2
− + θθ˜ = IdL−,
ψ+ ◦ θ˜ + θ˜ ◦ ψ− = 0, ψ− ◦ θ + θ ◦ ψ+ = 0,
where the second and fourth condition are implied by the first and third
condition by γ-transposition.
Accordingly, we get a bijective correspondence between the required struc-
tures H and the pairs (ψ−, θ˜) where θ˜ is an isomorphism, which give
ψ+ = −θ˜ψ−θ˜
−1, θ = (Id− ψ2−)θ˜
−1.
The third condition (2.7) is equivalent with the fact that
β−(X−, Y−) = γ(θ˜ψ−X−, Y−)
is a 2-form on L = L−. Thus, also looking at (2.6), the pair (ψ−, θ˜) may be
replaced by the pair (g− = g|L−, β−) where g− is a non degenerate metric on
L− and β− is a 2-form on L−. This configuration is equivalent with a pair
(k, β) as required by putting
(2.8)
k(X+, Y+) = 2g−(θ˜
−1X+, θ˜
−1Y+) = 2γ(θ˜
−1X, Y ),
β(X+, Y+) = 2β−(θ˜
−1X+, θ˜
−1Y+) = 2γ(ψ−θ
−1X+, Y+).
The last equality in (2.8) is a consequence of (2.6).
Definition 2.2. If g is a field on the para-Hermitian manifold (M,F, γ), the
corresponding tensors k, β are the L-components of the field.
In string theory, the components k, β correspond to the graviton and the
Kalb-Ramond charge, respectively.
Remark 2.1. From the proof of Proposition 2.2 we also see that a (pseudo-
)Riemannian, almost para-Hermitian structure may be seen as a triple (γ, F,H)
where (γ, F ) is an almost para-Hermitian structure and H is an almost prod-
uct structure that satisfies the second condition (2.4). In the Riemannian case
one has to require that g be positive definite. One more possibility is to see
such a structure as a triple (g,H, F ) where g is a metric, H,F are as above
and the following conditions hold
g(HX,HY ) = g(X, Y ), g(KX, Y ) = −g(X,KY ), K = HF.
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Now, since L−∩V± = 0, the projections τ± = prL : V± → L = L+ defined
by the decomposition TM = L+ ⊕ L− are injections (if v ∈ V± and τ±v = 0
then v ∈ L− too and v = 0), therefore isomorphisms, with inverse mappings
ι± = τ
−1
± : L→ V±, which allow a transfer of structures between the bundle
L and the bundles V± [7].
Lemma 2.1. A vector X = X+ +X− belongs to V± iff
(2.9) X− = −θ˜
−1(ψ+ ∓ Id)X+.
Proof. For X ∈ V± and any Y− ∈ L−, we have
γ(X+, Y−) = γ(X, Y−) = g(HX, Y−)
= ±g(X, Y−) = ±g(X+, Y−)± g(X−, Y−)
= ±γ(ψ+X+, Y−)± γ(θ˜X−, Y−),
which implies
X+ = ±ψ+X+ ± θ˜X−.
Since θ˜ is an isomorphism, the previous result is equivalent to (2.9). Con-
versely, if (2.9) holds, going backwards in the previous calculation leads to
γ(X+, Y−) = ±g(X, Y−) = ±γ(HX, Y−) = ±γ(prL+HX, Y−),
whence prL+(X ∓HX) = 0. Therefore, X ∓HX = 2prV∓X ∈ L− ∩V± must
vanish and X ∈ V±.
Proposition 2.3. The isomorphisms ι± : L→ V± are given by
(2.10) ι±Z = Z − θ˜
−1(ψ+ ∓ Id)Z (Z ∈ L = L+).
The pullback of the metrics g|V± by ι± to L are equal to the metric k of L.
Proof. By definition, we have (ι±Z)+ = Z and, since (ι±Z)− is given by (2.9),
we get (2.10). The second assertion is proven by the following calculation that
uses (2.10), the γ-symmetry of θ˜, θ˜−1, the γ-transposition between ψ+, ψ− and
conditions (2.7):
g(Z1 − θ˜
−1(ψ+ ∓ Id)Z1, Z2 − θ˜
−1(ψ+ ∓ Id)Z2)
= ±γ(Z1 − θ˜
−1(ψ+ ∓ Id)Z1, Z2 − θ˜
−1(ψ+ ∓ Id)Z2)
= ∓(γ(Z1, θ˜
−1(ψ+ ∓ Id)Z2) + γ(Z2, θ˜
−1(ψ+ ∓ Id)Z1))
= ∓(γ(Z2, (ψ− ∓ Id)θ˜
−1Z1) + γ(Z2, θ˜
−1(ψ+ ∓ Id)Z1))
= 2γ(θ˜−1Z1, Z2) = k(Z1, Z2).
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Corollary 2.1. The compatible metric g is Riemannian iff the metric k is
positive definite on L.
Proof. The result follows from the proposition because the subbundles V±
are g-orthogonal.
A particular type of compatible metrics is introduced by the following
definition.
Definition 2.3. A compatible metric g of the (almost) para-Hermitian man-
ifold (M,F, γ) is strongly compatible if the subundles L = L+, L¯ = L− are
orthogonal with respect to g.
Since the intersection of the subbundles L± is 0, if g is strongly com-
patible, g|L± necessarily are non degenerate. Furthermore, the γ-isotropy of
L± implies H(L±) = L∓ and, in (2.5), we have ψ± = 0, θ˜ = θ
−1. By the
isotropy argument, we also see that a compatible metric such that H(L) = L¯
is strongly compatible. Of course, each of the conditions ψ+ = 0, ψ− = 0,
equivalently β = 0, is equivalent with strong compatibility; these conditions
show that the metric g bijectively corresponds to a non degenerate metric
k on L. The condition H(L) = L¯ is equivalent with FHF = −H , i.e.,
FH = −HF , therefore, the latter is just another form of the strong compat-
ibility condition. Furthermore, the anti-commutation of H,F is equivalent
to K2 = −Id (K = HF ) and (g,K) is an almost Hermitian structure, while
the pairs (F,K), (H,K) are almost para-hypercomplex structures [1].
Examples of compatible metrics on some well known para-Hermitian man-
ifolds will be given in the last section.
3 The C-bracket
In double field theory, in order to encompass T-duality, one uses a bracket
of two vector fields that is different from the usual Lie bracket and is called
the C-bracket [10, 24]. In this section we show that this bracket extends to
all para-Hermitian manifolds.
First, we recall some basic facts concerning Courant and metric algebroids
[17, 20, 24]. Below, the upper index ∗ denotes the dual bundle, Γ denotes the
space of sections, ⊙ denotes symmetric tensor product and the front index t
denotes transposition.
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Definition 3.1. Let E → M be a vector bundle endowed with a non de-
generate metric g ∈ Γ ⊙2 E∗ and an anchor morphism ρ : E → TM , which
produces the morphism ∂ = (1/2)♯g ◦
tρ : T ∗M → E. A Dorfman bracket is
an R-bilinear operation ⋆ : ΓE × ΓE → ΓE that satisfies the properties:
1) (ρe)(g(e1, e2)) = g(e⋆e1, e2) + g(e1, e⋆e2),
2) e⋆e = ∂(g(e, e)) (∂f = ∂(df), ∀f ∈ C∞(M))
3) e⋆(e1⋆e2) = (e⋆e1)⋆e2 + e1⋆(e⋆e2).
The quadruple (E, g, ρ,⋆) is called a Courant algebroid. Axiom 1) is the
g-compatibility axiom, axiom 2) is the normalization axiom and axiom 3) is
the Leibniz axiom. If only axioms 1), 2) are required, the product is a metric
product and the quadruple (E, g, ρ,⋆) is a metric algebroid.
The definition of ∂ is equivalent to
g(∂f, e) =
1
2
(ρe)f.
The metric product satisfies the properties [20, 24]
(3.1)
a) e1⋆(fe2) = f(e1⋆e2) + ((ρe1)f)e2,
b) (fe1)⋆e2 = f(e1⋆e2)− ((ρe2)f)e1 + 2g(e1, e2)∂f.
Furthermore [24], (E, g, ρ) is a metric algebroid iff there exists an R-
bilinear, skew symmetric bracket [ , ] : ΓE × ΓE → ΓE, called a metric
bracket, which satisfies the axiom
(ρe)(g(e1, e2)) = g([e, e1] + ∂(g(e, e1)), e2) + g(e1, [e, e2] + ∂(g(e, e2))).
The product and the bracket reciprocally define each other by the relation
[e1, e2] = e1⋆e2 − ∂(g(e1, e2))
and properties a), b) are equivalent with
(3.2) [e1, fe2] = f [e1, e2] + (ρe1)(f)e2 − g(e1, e2)∂f.
If the product that corresponds to a given metric bracket also satisfies the
Leibniz axiom, the bracket satisfies the identity
(3.3)
∑
Cycl
[[e1, e2], e3] =
1
3
∂
∑
Cycl
g([e1, e2], e3)
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and it is a Courant bracket, while the algebroid is a Courant algebroid.
We also need to recall the Courant algebroid structure of the big tangent
bundle of a foliation L of a manifoldM [22]. This bundle is L = TML = L⊕
(T ∗M/annL) where L = TL and ann denotes the annihilator bundle. The
restriction of the Courant bracket of the big tangent bundle of the manifold
ML =
∑
(leaves of L), defined in [2], to vector fields and 1-forms that are
differentiable with respect to the original C∞-structure of M makes L into a
Courant algebroid with anchor prL and with the structure given by
gL((Y1, α˜1), (Y2, α˜2)) =
1
2
(α1(Y2) + α2(Y1)),
∂f =
1
2
♯gL
tρ(df) = (0, [df ]annL),
[(Y1, α˜1), (Y2, α˜2)] = ([Y1, Y2], [(LY1α2 − LY2α1
+ 1
2
d(α1(Y2)− α2(Y1))]annL),
where Y1, Y2 ∈ ΓL, α1, α2 ∈ Ω
1(M), f ∈ C∞(M), α˜ = [α]annL is the class
modulo annL and L is the Lie derivative; the results remain unchanged if
αl 7→ αl + γl with γl ∈ annL.
Now, we refer to para-Hermitian manifolds and prove the following propo-
sition.
Proposition 3.1. Let (M, γ, F ) be a para-Hermitian manifold. Then, the
tangent bundle TM is endowed with two natural structures of a Courant
algebroid defined by its Lagrangian foliations L, L¯.
Proof. Since the fundamental form ω defines a non degenerate pairing Lx ×
L¯x → R (x ∈ M), we have an isomorphism ♭ω : L¯ → ann L¯ ≈ L
∗. (As
usually, ♭ωX = i(X)ω and we will also use ♯ω = ♭
−1
ω below.)
Accordingly, the tangent bundle TM = L ⊕ L¯ may be identified with L
by
X 7→ (XL, ♭ωXL¯)), (♭ωXL¯ ∈ ann L¯),
(Y, α) 7→ Y + ♯ωα, (Y ∈ L, α ∈ ann L¯),
where XL = X+ = prLX, XL¯ = X− = prL¯X , and the Courant algebroid
structure of L transfers to TM . The resulting Courant algebroid structure
has anchor prL and the following operations:
(3.4) gL(X, Y ) =
1
2
(ω(XL¯, YL) + ω(YL¯, XL)) = (1/2)γ(X, Y ),
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(3.5) ∂(L,L¯)f = ♯ω(prann L¯df),
(3.6)
[X, Y ](L,L¯) = [XL, YL] + ♯ωprann L¯[LXLi(YL¯)ω
− LYLi(XL¯)ω +
1
2
d(ω(X, Y ))],
(3.7)
X⋆(L,L¯)Y = [XL, YL] + ♯ωprann L¯[LXLi(YL¯)ω
− LYLi(XL¯)ω + d(ω(XL¯, YL))].
The classical commutation formula
i([X, Y ]) = LXi(Y )− i(Y )LX
changes the previous expressions into
(3.8)
[X, Y ](L,L¯) = [XL, YL] + prL¯([XL, YL¯] + [XL¯, YL])
+♯ωprann L¯[i(YL¯)LXLω − i(XL¯)LYLω +
1
2
d(ω(X, Y ))],
(3.9)
X⋆(L,L¯)Y = [XL, YL] + prL¯([XL, YL¯] + [XL¯, YL])
+♯ωprann L¯[i(YL¯)LXLω − i(XL¯)LYLω + d(ω(XL¯, YL))].
If we switch between L and L¯ and replace ω by −ω, we similarly get a
second Courant algebroid structure with anchor prL¯, with the same metric
(1/2)γ and with the operations
∂(L¯,L)f = −♯ω(prannLdf),
[X, Y ](L¯,L) = [XL¯, YL¯] + prL([XL¯, YL] + [XL, YL¯])
+♯ωprannL[i(YL)LXL¯ω − i(XL)LYL¯ω +
1
2
d(ω(X, Y ))],
X⋆(L¯,L)Y = [XL¯, YL¯] + prL([XL¯, YL] + [XL, YL¯])
+♯ωprannL[i(YL)LXL¯ω − i(XL)LYL¯ω + d(ω(XL, YL¯))].
Notice the following consequence of the first formula (3.4):
(3.10)
♭gL|L¯ =
1
2
♭ω|L¯, ♭gL|L = −
1
2
♭ω|L,
♯gL|annL = −2♯ω|annL, ♯gL|annL¯ = 2♯ω|annL¯.
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Corollary 3.1. The tangent bundle of the para-Hermitian manifold (M, γ, F )
is endowed with a natural structure of a metric algebroid with metric γ and
anchor equal to the identity map.
Proof. Put ⋆ω =⋆(L,L¯) +⋆(L¯,L), i.e.,
(3.11)
X⋆ωY = [X, Y ] + ♯ωprann L¯[d(ω(XL¯, YL))]
−♯ωprannL[d(ω(YL¯, XL))] + ♯ωprann L¯[i(YL¯)LXLω
−i(XL¯)LYLω] + ♯ωprannL[i(YL)LXL¯ω − i(XL)LYL¯ω].
Since the sum of the two anchors is prL + prL¯ = Id, if we add the metric
compatibility properties of the terms, we get metric compatibility of ⋆ω.
Finally, from (3.11) and (3.10) we get
X⋆ωX = ∂(γ(X,X)) =
1
2
grad(γ(X,X)),
where ∂ is defined by the metric γ and the identity anchor.
With the usual passage from the Dorfman to the Courant bracket, we
get a metric bracket, equal to the sum of the Courant brackets of the two
foliations:
(3.12)
[X, Y ]ω = [X, Y ] +
1
2
♯ω[d(ω(X, Y ))] + ♯ωprann L¯[i(YL¯)LXLω
−i(XL¯)LYLω] + ♯ωprannL[i(YL)LXL¯ω − i(XL)LYL¯ω].
The Leibniz property does not hold for the bracket [ , ]ω since it would
imply that (TM, γ, Id,⋆ω) is a Courant algebroid and it would follow that
Id(X⋆ωY ) = [Id(X), Id(Y )],
which is not true.
Another negative result is that, if M is a para-Hermitian manifold, the
subbundles L, L¯, seen as dual to each other via pairing by ω and with the Lie
algebroid structures given by the Lie bracket, do not define a Lie bialgebroid.
Indeed, formulas (3.8), (3.9) can be put in a nice form using the identification
of L∗ with L¯ and the Lie algebroid operations
dLf = ♯ωprann L¯df
(3.5)
= ∂f, f ∈ C∞(M),
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LLS U¯ = prL¯[S, U¯ ] + ♯ωprann L¯[i(U¯)LSω] S ∈ L, U¯ ∈ L¯,
where LL is the Lie derivative of L. With these operations we get
[X, Y ](L,L¯) = [XL, YL] + L
L
XL
YL¯ − L
L
YL
XL¯ +
1
2
dL(ω(X, Y )),
X⋆(L,L¯)Y = [XL, YL] + L
L
XL
YL¯ − L
L
YL
XL¯ + dL(ω(XL¯, YL)).
Similar expressions hold for the operations with the index (L¯, L), and if we
add the two brackets we get an expression of [ , ]ω that coincides with the
expression of the Courant bracket of a Lie bialgebroid given in [17]. However,
we are not in the case of a Lie bialgebroid since, otherwise, TM = L⊕L¯ would
be a Courant algebroid with identity anchor, which is impossible. Indeed,
for a Courant algebroid ρ ◦ ∂ = 0 [17] and on TM with ρ = Id we would get
df = 0, ∀f ∈ C∞(M).
We will show that the ω-bracket is related to a more general bracket that
will be needed for the construction of the field’s action.
For any (pseudo)Riemannian manifold (M, γ), (TM, g = γ, ρ = Id)
(hence, ∂f = (1/2)grad f) has a natural structure of a metric algebroid
with the operations defined by [24]
(3.13) X⋆γY = [X, Y ]γ +
1
2
grad(γ(X, Y )), [X, Y ]γ = [X, Y ]−X ∧∇0 Y,
where
(3.14) γ(Z,X ∧∇0 Y ) =
1
2
[γ(X,∇0ZY )− γ(Y,∇
0
ZX)])
and ∇0 is the Levi-Civita connection of γ. The metric compatibility of ⋆γ
means that we have
Z(γ(X, Y )) = γ(Z⋆γX, Y ) + γ(X,Z⋆γY ).
Further computations lead to the following equivalent expressions
(3.15)
[X, Y ]γ =
1
2
{[X, Y ] + ♯γ(LX(♭γY )− LY (♭γX))}
= 3
2
[X, Y ] + ♯γ(♭LXγY − ♭LY γX)
= 1
2
{[X, Y ] + ♯γ(i(X)d(♭γY )− i(Y )d(♭γX))}.
The third equality follows directly from the first and the Cartan relation
between the Lie derivative and the exterior differential. The proof of the first
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equality (3.15) is by checking that it produces the same value of γ([X, Y ]γ, Z)
as the original expression (3.13). Notice also that formula (3.13) yields
(grad f)⋆γY = ∇
0
grad fY − grad (Y f).
The Leibniz property does not hold for⋆γ for the same reason as in the case
of ⋆ω.
Proposition 3.2. On a para-Ka¨hler manifold the brackets [ , ]ω, [ , ]γ coin-
cide.
Proof. We prove that the formula
(3.16) [X, Y ]γ = [X, Y ]ω +
1
2
♯ω[i(Y )i(X)dω]
holds on any para-Hermitian manifold. This follows by evaluating ω([X, Y ]γ−
[X, Y ]ω, Z) on arguments of type (XL, YL), (XL¯, YL¯), (XL, YL¯) while using
(3.12) and the third expression (3.15). We shall also use the decompositions
T ∗M = annL⊕ ann L¯, d = dL+ dL¯, where dL, dL¯ are the differentials of the
Lie algebroids L, L¯, and formulas (3.10). The conclusion of the proposition
follows from (3.16) because dω = 0 in the para-Ka¨hler case.
Formulas (3.16) and (3.15) yield expressions of [X, Y ]ω that do not use the
decomposition of X, Y into the L, L¯ components. For instance, if we combine
the third expression (3.15) with (3.16) and notice that (3.10) implies
♭gL = −
1
2
♭ω ◦ F, ♯gL = −2F ◦ ♯ω,
we obtain the formula
[X, Y ]ω =
1
2
[X, Y ] + 1
2
F♯ω[i(X)di(FY )ω
−i(Y )di(FX)ω]− 1
2
♯ω[i(Y )i(X)dω].
The γ-bracket is a generalization of the C-bracket of double field the-
ory. Indeed, it was shown in [24] that the C-bracket defined on flat para-
Ka¨hler manifolds with local coordinates (xi, x˜j) and with ω = dx
i ∧ dx˜i is
the unique metric bracket equal to 0 on pairs of vectors ∂/∂xi, ∂/∂x˜j . In
the flat para-Ka¨hler case, formula (3.16) yields these values of the γ-bracket,
precisely. Thus, the γ-bracket is the para-Hermitian C-bracket. (The same
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reason would allow us to give this name to the ω-bracket, but, the latter is
not convenient for the construction of the action.)
Finally, we notice that, in the general case, the γ-metric product does not
yield generalized gauge transformations similar to those defined in the Ka¨hler
flat case [24]. Instead, we may consider the partial gauge transformations
TLXY = X⋆(L,L¯)Y, T
L¯
XY = X⋆(L¯,L)Y,
which may be extended to tensor fields as in the flat case ([24], formula (3.7)).
The conditions
TLXT
L
Y − T
L
YT
L
X = T
L
X⋆(L,L¯)Y
,
TL¯XT
L¯
Y − T
L¯
YT
L¯
X = T
L¯
X⋆(L¯,L)Y
hold since the Dorfman bracket of a Courant algebroid satisfies the Leibniz
identity.
4 Field connections and action
It is natural to expect the action of a field to be the integral of a scalar
curvature analog of a connection derived from the field given by the compat-
ible metric g of the para-Hermitian manifold (M,F, γ) and which preserves
the neutral metric γ. We see the last condition as T-duality in the present
framework and we will indicate a process that gives a canonical connection
of the required type.
The connections that preserve the metrics γ, g will be called double metric
connections; generally, the Levi-Civita connections of γ and g are not double
metric connections.
Proposition 4.1. Double metric connections are in a one-to-one correspon-
dence with the pairs of k-metric connections on L, where (k, β) are the L-
components of the field g.
Proof. The L-components (k, β) were defined in Definition 2.2. Let ∇ be a
double metric connection on TM . Then, ∇ also preserves H and it must have
the form∇ = ∇++∇−, where the terms are connections on V±. Accordingly,
we get well defined operators D±XY , X ∈ ΓTM, Y ∈ ΓL, that satisfy the
condition
(4.1) ∇X(ι±Y ) = ι±(D
±
XY )
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and D± are connections on the vector bundle L. Moreover, since g|V± = k,
the restriction of the condition ∇Xg = 0 to V± is equivalent to D
±
Xk = 0.
Conversely, if we have a pair D± of k-metric connections on L and we define
∇ by (4.1), ∇ preserves H (since it preserves the eigenbundles V± of H), it
preserves g (since it preserves the restrictions g|V± as well as the orthogonality
condition g|V+×V− = 0) and it preserves γ (because of (2.8)).
Definition 4.1. A double metric connection such that D+ = D− = D will
be called of type 1. A double metric connection such that D+ 6= D− will be
called of type 2.
Proposition 4.2. Any double metric connection of type 1 preserves the sub-
bundle L¯. It also preserves the subbundle L iff the corresponding connection
D of L commutes with the endomorphism ψ+ of (2.5).
Proof. Formula (2.10) implies that ∀Y ∈ L one has
(4.2)
ι+Y − ι−Y = 2θ˜
−1Y ∈ L¯,
ι+Y + ι−Y = 2Y − 2θ˜
−1ψ+Y.
Thus, every vector of L¯ is in the image of ι+ − ι− and conversely, which
implies the first assertion. More precisely, the first formula (4.2) yields
∇XZ = θ˜
−1DX(θ˜Z), Z ∈ L¯.
Furthermore, (4.2) implies
Y =
1
2
{ι+(Y + ψ+Y ) + ι−(Y − ψ+Y )}
and using (4.1) we get
∇XY = DXY + θ˜
−1(DX(ψ+Y )− ψ+(DXY )) (Y ∈ ΓL).
This result implies the second assertion.
We will define a canonical k-metric connection on L by using some old
ideas from foliation theory [21]. If D is a connection on L, we define the
torsion τD ∈ Hom(TM ⊗ TM,L) by
τD(X, Y ) = DX(prLY )−DY (prLX)− prL[X, Y ].
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Lemma 4.1. There exists a unique connection D on L such that k is pre-
served by parallel translation along curves tangent to L and τD(X, Y ) = 0 if
at least one of the arguments is in L.
Proof. For X ∈ L¯, Y ∈ L, the vanishing of τ(X, Y ) yields DXY = prL[X, Y ].
Furthermore, the conditions DZk(X, Y ) = 0, T
D(X, Y ) = 0 for Z,X, Y ∈ ΓL
may be processed as in the case of a Riemannian connection, which yields a
well defined expression of DXY for X, Y ∈ ΓL.
The resulting connection D satisfies TD(X, Y ) = 0 for any arguments;
zero torsion for X, Y ∈ ΓL¯ follows from the integrability of L¯.
Now, for any connection D on L, the formula
(4.3) D′XY = DXY +
1
2
♯k♭DXkY, X ∈ ΓTM, Y ∈ ΓL,
yields a new connection such that D′k = 0. In particular, the connection D′
associated to D of Lemma 4.1 is a canonical k-metric connection on L such
that D′XY = DXY if X, Y ∈ L. The double metric connection ∇
′ associated
to the pair (D′, D′) will be called the initial connection of type 1.
The construction of the initial connection of type 1 may be modified such
as to also include the form component β. This modification is suggested by
generalized geometry [8, 23] and leads to an initial connection of type 2. The
modification consists in replacing the condition τD(X, Y ) = 0 of Lemma 4.1
by the condition
(4.4) τD(X, Y ) = ±2♯k[i(prLY )i(prLX)dLβ].
Nothing changes if at least one argument is in L¯ but half of the last term of
(4.4) is added to the covariant differential D if X, Y ∈ L. In this way, and
using again (4.3), we get a pair of k-metric connections βD± on L and we
define the initial connection of type 2 as the double metric connection β∇ on
M that is associated to this pair.
As in [8, 24], for a γ-metric connection ∇ on a (pseudo-)Riemannian
manifold (M, γ), we introduce an invariant, which we call the γ-torsion of
∇, defined by
(4.5) T∇γ (X, Y ) = ∇XY −∇YX −X ∧∇ Y − [X, Y ]γ ,
where ∧∇ is given by (3.14) with the Levi-Civita connection ∇
0 replaced by
∇. Without the term−X∧∇Y the result is not a tensor field, but, (3.1) shows
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that (4.5) is a tensor field. Furthermore, using the metric compatibility of the
γ-bracket, we can check the total skew-symmetry of the covariant γ-torsion
[8, 24]
τ∇γ (X, Y, Z) = γ(T
∇
γ (X, Y ), Z).
Proposition 4.3. The γ-metric connections with zero γ-torsion bijectively
correspond to 3-covariant tensor fields Ξ on M such that
(4.6) Ξ(X, Y, Z) = −Ξ(X,Z, Y ),
∑
Cycl(X,Y,Z)
Ξ(X, Y, Z) = 0.
Proof. Put
∇XY = ∇
0
XY +Θ(X, Y ),
where the covariant deformation tensor
Ξ(X, Y, Z) = γ(Θ(X, Y ), Z)
satisfies the property
(4.7) Ξ(X, Y, Z) = −Ξ(X,Z, Y ).
Then, we get
(4.8) τ∇γ (X, Y, Z) = γ(T
∇(X, Y ), Z) + Ξ(Z,X, Y ),
where T∇ is the usual torsion of the connection. Since the Levi-Civita con-
nection ∇0 has no torsion,
T∇(X, Y ) = Θ(X, Y )−Θ(Y,X)
and (4.7) gives
(4.9) τ∇γ (X, Y, Z) =
∑
Cycl(X,Y,Z)
Ξ(X, Y, Z).
This result and (4.7) justify the conclusion.
Notice that there exists a family of such tensor fields Ξ. Indeed, since
alternation is an epimorphism
alt : T ∗M ⊗ (∧2T ∗M)→ ∧3T ∗M,
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where the dimension of the first space is m2(m− 1)/2 and the dimension of
the second is m(m−1)(m−2)/6, the dimension of the kernel is m(m2−1)/3
(m = dimM).
If we come back to the definition of Ξ, and since the metric character of
the connections ensures the first condition (4.6), we get
Proposition 4.4. The γ-metric connection ∇ has a vanishing γ-torsion iff
(4.10)
∑
Cycl(X,Y,Z) γ(∇XY, Z) =
∑
Cycl(X,Y,Z) γ(∇
0
XY, Z)
= 1
2
∑
Cycl(X,Y,Z){Z(γ(X, Y )) + γ([X, Y ], Z)}.
Proof. The first equality (4.10) is just the second condition (4.6). The second
equality (4.10) follows from the well known global expression of the Levi-
Civita connection (e.g., [13], Chapter IV, &2).
Now, we return to the (pseudo-)Riemannian field g on the para-Hermitian
manifold (M, γ, F ) and to the double metric connections ∇. For such a
connection, the restriction of the γ-torsion to V+ × V− will be called the
mixed γ-torsion and we get the following result.
Proposition 4.5. If ∇′ is a double metric connection with a vanishing mixed
γ-torsion, there exists a unique deformation tensor field Φ with a totally skew
symmetric, corresponding, covariant deformation such that the new connec-
tion ∇ = ∇′ + Φ is double metric and has a vanishing γ-torsion.
Proof. Denote Ψ(X, Y, Z) = γ(Φ(X, Y ), Z). Then, because the connections
∇,∇′ preserve the metric γ, (4.7) and (4.8) hold for Ψ instead of Ξ and (4.9)
becomes
(4.11) τ∇γ (X, Y, Z) = τ
∇′
γ (X, Y, Z) +
∑
Cycl(X,Y,Z)
Ψ(X, Y, Z).
Furthermore, if ∇′ preserves g too, the condition for ∇ to preserve g is
Φ(X,HY ) = HΦ(X, Y ), which is equivalent to
Ψ(X,HY,HZ) = Ψ(X, Y, Z),
hence, with
(4.12) Ψ(X,S, U) = 0, ∀S ∈ V+, U ∈ V−.
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Equality (4.11) tells us that the required conclusion holds iff the deformation
is given by
Ψ(X, Y, Z) = −(1/3)τ∇
′
γ (X, Y, Z).
Since we require (4.12), the indicated choice of Ψ is valid iff
τ∇
′
γ (X,S, U) = 0, ∀S ∈ V+, U ∈ V−.
In view of the total skew symmetry of τ∇
′
γ this is equivalent with the vanishing
of the mixed γ-torsion of ∇′.
We will say that ∇ is obtained from ∇′ by removing the γ-torsion.
The vanishing of the mixed γ-torsion is equivalent with the pair of con-
ditions
γ(T∇
′
γ (S, U), ZV+) = 0, γ(T
∇′
γ (S, U), ZV−) = 0,
∀S, ZV+ ∈ V+, U, ZV− ∈ V−.
Then, if we insert the expression of T∇
′
γ and use the preservation of the two
γ-orthogonal subbundles V±, we will see that the vanishing of the mixed
torsion is equivalent to
(4.13) ∇′US = prV+ [U, S]γ, ∇
′
SU = prV−[S, U ]γ .
Thus, these covariant derivatives are the same for all double metric connec-
tions with a vanishing mixed γ-torsion. Putting U = ι−X,S = ι+Y where
X, Y ∈ L and using (4.1), we see that conditions (4.13) are equivalent with
(4.14)
D+ι−XY = prLprV + [ι−X, ι+Y ]γ ,
D−ι+YX = prLprV −[ι+Y, ι−X ]γ.
Using (3.2) we see that the expressions (4.14)are compatible with the
definition of a connection on L. Therefore, if we add operatorsD−ι−XY,D
+
ι+X
Y
to (4.14) to define connections on L, we may, afterwards, continue as earlier
and get a double metric connection with a vanishing mixed γ-torsion.
In particular, we get a canonical connection if we define
D−ι−XY =
βD+ι−XY, D
+
ι+X
Y = βD+ι+XY,
where βD± are the k-metric connections on L that were used in the definition
of the initial connection of type 2. (The formulas would simplify by using in
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both cases the connection D′ used for the initial connection of type 1, but,
our choice has the advantage of introducing the form β into the connection.)
Then, the connections D± are given by
(4.15) D+ZY =
βD±prV±Z
Y + prLprV±[prV∓Z, ι±Y ]γ , Y ∈ L,Z ∈ TM
and they preserve the metric k. Indeed, ∀X, Y ∈ L,Z ∈ TM , using the
fact that βD± preserve k, the metric property of the γ-bracket and the γ-
orthogonality of V±, we have:
k(D±ZX, Y ) + k(X,D
±
ZY ) = k(
βD±ZX, Y ) + k(X,
βD±ZY )
+γ(prV±[prV∓Z, ι±X ]γ, ι±Y ) + γ(X, prV±[prV∓Z, ι±Y ]γ)
= (prV±Z)(k(X, Y )) + (prV∓Z)(k(X, Y )) = Z(k(X, Y )).
The double metric connection that corresponds to the pair of connections
given by (4.15) will be denoted by β∇γ; it is a connection of type 2.
Definition 4.2. The connection obtained by removing the γ-torsion of β∇γ
will be denoted by ∇c and it will be called the canonical double metric con-
nection of the field.
For any double metric connection ∇, we can define an analog of scalar
curvature in the following way. We start with the usual curvature tensor R∇
of the canonical connection and modify it into a tensor that is compatible
with the decomposition TM = V+ ⊕ V−. Namely, we define the modified
canonical curvature operator by
(4.16) R˜∇(X, Y ) = R∇(prV+X, prV+Y ) +R
∇(prV−X, prV−Y ), X, Y ∈ TM.
Accordingly, we have R˜∇(X+, Y−) = 0, ∀X+ ∈ V+, Y− ∈ V−. Furthermore,
formula (4.1) and the definition of curvature yield
(4.17) R˜∇(X, Y )(ι±U) = R
∇(X, Y )(ι±U) = ι±(R
D±(X, Y )U),
where X, Y ∈ V±, U ∈ L (in (4.17), the second equality holds ∀X, Y ∈ TM).
Now, assume that γ|V+ has the ±-inertia indices (p, q), p+ q = n, which
implies that γ|V− has indices (q, p), hence, by (2.3), g|V± has the same indices
(p, q) for both V+ and V−. A local basis (ei, eu, fi, fu) (i = 1, ..., p, u = p +
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1, ..., n) of TM is a double (pseudo-)orthonormal basis if ei, eu ∈ V+, fi, fu ∈
V− and
g(ei, ej) = γ(ei, ej) = δij, g(ei, eu) = γ(ei, eu) = 0,
g(eu, ev) = γ(eu, ev) = −δuv,
g(fi, fj) = −γ(fi, fj) = δij, g(fi, fu) = −γ(fi, fu) = 0,
g(fu, fv) = −γ(fu, fv) = −δuv.
Then, we shall define the modified Ricci curvature of ∇ by
r˜∇(X, Y ) = 1
2
{
∑p
i=1[g(ei, R˜
∇(X, ei)Y ) + g(ei, R˜
∇(Y, ei)X)]
−
∑n
u=p+1[g(eu, R˜
∇(X, eu)Y ) + g(eu, R˜
∇(Y, eu)X)]
+
∑p
i=1[g(fi, R˜
∇(X, fi)Y ) + g(fi, R˜
∇(Y, fi)X)]
−
∑n
u=p+1[g(fu, R˜
∇(X, fu)Y ) + g(fi, R˜
∇(Y, fi)X)]}.
The result is invariant under changes of double (pseudo-)orthonormal bases
since such changes belong toO(p, q)×O(p, q). The modified Ricci curvature is
symmetric and it vanishes if evaluated on arguments in different subbundles
V±, hence it is a tensor that is compatible with the decomposition TM =
V+ ⊕ V−.
Finally, we will define the modified scalar curvature by
(4.18)
σ˜∇ =
p∑
i=1
r˜∇(ei, ei)−
n∑
u=p+1
r˜∇(eu, eu) +
p∑
i=1
r˜∇(fi, fi)−
n∑
u=p+1
r˜∇(fu, fu),
which is invariant under base changes for the same reason as r˜∇.
The modified Ricci and scalar curvatures of the canonical double metric
connection ∇c are invariants of the field g. Therefore, we may define the
action of the field as follows.
Definition 4.3. The integral
(4.19) A(g) =
∫
M
e−2φσ˜(g)
√
|det(g)|dx1 ∧ ... ∧ dx2m,
where (x1, ..., x2m) are positively oriented, local coordinates on M , φ ∈
C∞(M) is the dilation scalar of the field [10] and σ˜(g) = σ˜∇
c
, is the ac-
tion of the field g of L-components (k, β).
22
Notice that a para-Hermitian manifold M2m is oriented since it has the
nowhere vanishing form ωm. But, conditions ensuring that the integral (4.19)
is finite have to be required.
5 Reduction
In this section we discuss reduction of a field under the action of a symmetry
group. We assume that the reader is familiar with reduction of symplectic
manifolds e.g., [16, 19]. For Ka¨hler reduction we refer to [9] and for para-
Ka¨hler reduction to [14]. We will review the reduction process in a form
that is suitable for the reduction of a field and we will define reduction of a
para-Hermitian manifold.
Before refereeing to symmetry groups, we consider geometric reduction,
i.e., reduction to the quotient space of a manifold by a convenient foliation.
We shall assume that the space of leaves of the latter is a manifold since we
want the result of reduction to be in the C∞-category.
Proposition 5.1. Let (N, ω) be an almost presymplectic manifold, where
dimN = n and rank ω = 2r ≤ n. Assume that 1) K = annω is tangent to
a foliation K, 2) locally, K is spanned by infinitesimal automorphisms of ω,
3) there exists a fibration p : N → Q, where Q is a manifold of dimension
2r and p is constant on the leaves of K. Then, ω = p∗̟ where ̟ is a
well defined, non degenerate 2-form on Q. Furthermore, if g is a (pseudo-
) Riemannian metric on N with a non degenerate restriction gK and such
that the restriction gK ′ (K
′ = K⊥g) is of the form gK ′ = p
∗λ, where λ is a
(pseudo-)Riemannian metric on Q, then, the Levi-Civita connection ∇g of g
projects to the Levi-Civita connection ∇λ of λ on Q.
Proof. As in foliation theory [18], objects on N that either project to or are a
lift of an object on Q will be called projectable or foliated. The first required
conclusion includes the fact that ω is a foliated form, which is equivalent to
the conditions
i(X)ω = 0, LXω = 0, ∀X ∈ ΓK.
The first condition holds obviously. The second condition is implied by hy-
pothesis 2) that gives a local expression X =
∑
fiXi, where the sum is finite,
Xi ∈ ΓK and LXiω = 0. Thus, there exists a 2-form ̟ ∈ Ω
2(Q) such that
ω = p∗̟. The non degeneracy of ̟ follows from the definition of K.
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It follows easily that K is a foliation iff
i(X ∧ Y )dω = 0, ∀X, Y ∈ K,
and the presymplectic condition dω = 0 implies conditions 1) and 2). If p
has connected fibers, Q is the space of leaves N/K.
In the second part of the proposition, the hypotheses on g mean that g is
a foliated (pseudo-)Riemannian metric. The conclusion means that, for every
two foliated vector fields X, Y ∈ K ′, prK ′∇
g
XY is a foliated vector field that
projects to ∇λ[X][Y ], where the brackets denote the projected vector fields on
Q. The projectability of prK ′∇
g
XY is equivalent to the fact that
g(prK ′∇
g
XY, V ) = g(∇
g
XY, V )
is a foliated function for every foliated vector field V ∈ ΓK ′. This, indeed,
follows directly from the well known global expression of the Levi-Civita
connection ([13], Chapter IV, &2). The same expression also shows that the
projection to Q is ∇λ.
Definition 5.1. Under the conditions of Proposition 5.1, the manifold (Q,̟)
is the reduction of (M,ω) and, if the metric g exists, λ is the reduction of the
metric g.
The main applications of reduction are for submanifolds ι : Nn →֒ M
of an almost symplectic manifold (M2m, ω) that have the constant rank
rank (ι∗ω) = 2r. Then, (N, ωN = ι
∗ω) is presymplectic with annihilator
K = annωN = TN ∩ T
⊥ωN
and if the requirements for reduction are satisfied we get a reduced manifold
(Q,̟), which is said to be the reduction of (M,ω) via N . Furthermore,
if M is also endowed with a (pseudo-)Riemannian metric g such that the
pullbacks gN , gK are non-degenerate and the pullback gK ′ (TN = K ⊕ K
′,
K ′ = K⊥gN ) is K-projectable, then, Q has a reduced (pseudo-)Riemannian
metric λ, which is the projection of gK ′ and the corresponding Levi-Civita
connections are related by
∇λ[X][Y ] = [prK ′∇
gN
X Y ] = [prK ′∇
g
XY ],
where X, Y ∈ ΓTN are K-projectable and the brackets denote projection to
Q.
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Remark 5.1. A coisotropic submanifold N satisfies the condition T⊥ωN ⊆
TN , hence, it necessarily has a constant rank and may admit reduction.
Proposition 5.1 may be used to derive the following result.
Proposition 5.2. Assume that the almost symplectic manifold (M2n, ω) is
endowed with a (pseudo-)Riemannian metric γ that satisfies one of the fol-
lowing two conditions
(5.1) ♯ω ◦ ♭γ = ∓♯γ ◦ ♭ω.
Then, for the minus sign, J = ♯ω ◦ ♭γ is an almost complex structure and
(M,J, γ) is a (pseudo-)Hermitian manifold with the fundamental form ω and
for the plus sign, F = ♯ω◦♭γ is an almost para-complex structure and (M,F, γ)
is a para-Hermitian manifold with the fundamental form ω.
Let ι : N → M be a submanifold of constant rank. Assume that the
subbundle K = TN ∩ T⊥ωN ⊆ TN satisfies hypotheses 1), 2), 3) of Propo-
sition 5.1 along the almost presymplectic manifold (N, ι∗ω). Assume also
that the metric γ has non degenerate restrictions gN , gK and a restriction
gK ′ = p
∗λ where K ′ = TN ∩ K⊥γ and λ is a (pseudo-)Riemannian metric
on Q. Finally, assume that
(5.2) K
′⊥γ = K
′⊥ω .
Then, the corresponding reduced manifold (Q,̟, λ) also is an almost
(pseudo) Hermitian, respectively, an almost para-Hermitian manifold. More-
over, if the manifold M is Ka¨hler, respectively, para-Ka¨hler, the same prop-
erty holds for the reduced manifold Q.
Proof. The conditions imposed on γ show that ι∗γ satisfies the hypotheses
required for the metric g of Proposition 5.1 and λ is the reduction of the
metric γ to Q. Moreover, condition (5.2) is equivalent with the fact that K ′
is invariant by J , respectively, F . Now, condition (5.1) is equivalent with
♭γ = ∓♭ω ◦ ♯γ ◦ ♭ω.
If this condition is applied to vectors X, Y ∈ K ′, then, the definitions of ̟, λ
together with (5.2) imply
♭λ = ∓♭̟ ◦ ♯λ ◦ ♭̟.
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The latter result and Proposition 5.1 justify the first conclusion of the present
proposition.
For the second conclusion we have to check the condition ∇λ̟ = 0 [1].
Equivalently, we have to check that ∇ι
∗γ
Z ω(X, Y ) = 0, for K-foliated vector
fields X, Y, Z ∈ K ′. This follows by the computation below, which holds for
obvious reasons, including the fact that the second fundamental form of N
in (M, γ) is normal to N :
∇ι
∗γ
Z ω(X, Y ) = Z(ω(X, Y ))− ω(∇
ι∗γ
Z X, Y )− ω(X,∇
ι∗γ
Z Y )
= Z(ω(X, Y ))− γ(prK ′∇
ι∗γ
Z X, JY ) + γ(JX, prK ′∇
ι∗γ
Z Y )
= Z(ω(X, Y )) + γ(∇ι
∗γ
Z X, JY )− γ(JX,∇
ι∗γ
Z Y )
= Z(ω(X, Y )) + γ(∇γZX, JY )− γ(JX,∇
γ
ZY )
= ∇γZω(X, Y )
In the para-Hermitian case, J will be replaced by F . The last covariant
derivative vanishes for Ka¨hler, respectively, para-Ka¨hler manifolds.
Remark 5.2. The reduced almost complex, respectively para-complex struc-
ture J ,F defined on Q by ♯̟ ◦ ♭λ is the projection by p of the restriction of
J, F to K ′. This implies that, if J, F are integrable the same holds for J ,F .
Another important fact is that condition (5.2) necessarily holds if N is a
coisotropic submanifold of (M,ω). Indeed, then, J(TN) also is a coisotropic
subbundle of TM with the ω-orthogonal isotropic subbundle JK and we get
K ′ = TN ∩K⊥γ = TN ∩ (JK)⊥ω = TN ∩ (JTN),
which is a J-invariant subbundle of TM .
Definition 5.2. A submanifoldN such that all the hypotheses of Proposition
5.2 hold will be called a reducing submanifold.
Proposition 5.2 leads to the following reduction theorem (notation is the
same as in Proposition 5.2).
Proposition 5.3. Let (M,F, γ) be a para-Hermitian manifold and let ι :
N →M be a reducing submanifold. Let g be a compatible metric that defines
a field on M and is such that: a) g is non degenerate on N and on K,
b) K⊥g ∩ TN = K ′, c) g|
K
⊥ι∗g = p
∗µ where µ is a (pseudo-)Riemannian
metric on Q. Then, if (Q,̟, λ) is the reduction of M via N , the metric µ
is compatible with the metric λ and it defines the reduction of the field g.
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Proof. The subbundles K,K ′ coincide with those defined in Proposition 5.1.
The fact that (Q,̟, λ) is a para-Hermitian manifold was proven in Propo-
sition 5.2 and Remark 5.2. The existence of µ follows from the second part
of Proposition 5.1. Hypothesis b) implies that the compatibility between λ
and µ is equivalent with the restriction of the compatibility between γ and
g to the subbundle K ′.
We will use the previous results in order to define reduction by a sym-
metry group. We begin by the following general considerations, which we,
improperly but conveniently, call an example.
Example 5.1. Let (M,ω) be an almost symplectic manifold endowed with
an ω-preserving action of a Lie group G. Let ι : N →֒ M be a submanifold,
which is invariant by a subgroup G′ ⊆ G and satisfies the following condi-
tions: i) N is ω-orthogonal to and has a clean intersection with the orbits
G(x), x ∈ N , ii) ∀x ∈ N , the G′-orbit of x is G′(x) = N ∩ G(x) and it is a
maximally isotropic submanifold of (N, ι∗ω), iii) the action of G′ on N is free
and proper. Conditions i)-iii) imply that, ∀x ∈ N , ann(ι∗ωx) = T (G
′(x))
and that N is a submanifold of constant rank.
Coming back to the previous general notation, now, K is the foliation of
N by the connected components of the orbits of G′ and obviously satisfies
the hypotheses 1)-3) of Proposition 5.1. Therefore, there exists a reduced
manifold (Q,̟) of (M,ω) via N .
Then, let γ be a G-invariant (pseudo-)Riemannian metric on M such
that the pullbacks γN , γK are non degenerate. The G-invariance of γ implies
LξMγ = 0 for the infinitesimal transformations ξM defined by ξ ∈ g, where g
is the Lie algebra of G. Accordingly, since any vector field Z ∈ ΓTN that is
tangent to the orbits of G′ is locally spanned by infinitesimal transformations
of G′ ⊆ G, if X, Y ∈ K ′ = K⊥ι∗γ are foliated vector fields, we get
LZγ(X, Y ) = Z(g(X, Y )) = 0,
hence, γK ′ is projectable and γ reduces to a metric λ on Q.
If γ satisfies the hypotheses of Proposition 5.2 and of Proposition 5.3 we
obtain a reduction for para-Hermitian manifolds and fields via a group of
symmetries.
From symplectic geometry, it is known that situations of the type de-
scribed in Example 5.1 appear in the case of Hamiltonian actions with a
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momentum map and the corresponding process is Marsden-Weinstein reduc-
tion. We will formally extend the definitions to almost symplectic manifolds
(M,ω), which requires for some adjustments as follows [5, 25].
A locally Hamiltonian vector field X will be required to satisfy the con-
ditions
(5.3) di(X)ω = 0, LXω = 0
and it is Hamiltonian if
(5.4) ∃f ∈ C∞(M), i(X)ω = df, LXω = 0
((5.4) implies (5.3)). If (5.4) holds, f is a Hamiltonian function of X , it is
defined up to a constant, and we denote X = Xf . The set of all Hamiltonian
functions on M will be denoted by H(M,ω). It follows easily that Xfh =
fXh + hXf (f, h ∈ C
∞(M)).
For two locally Hamiltonian vector fields X, Y one has
i([X, Y ])ω = d(ω(Y,X)),
which yields the following Poisson bracket of Hamiltonian functions {f, h} =
ω(Xh, Xf). The bracket has the Hamiltonian field [Xf , Xh]. The Poisson
algebra H(M,ω) is equal to C∞(M) in the symplectic case, but, it may be
much smaller in other cases.
Example 5.2. Take
M = {(x1, x2, x3, x4) / x1 > 0, x2 > 0} ⊆ R4
and
ω = x1dx2 ∧ dx3 + x2dx1 ∧ dx4,
X is locally Hamiltonian iff
X = ϕ(t)
(
∂
∂x3
+
∂
∂x4
)
, t = x1 · x2
and the corresponding Hamiltonian function is the primitive of −ϕ. Thus,
H(M,ω) = {f(t)},
Xf = −
∂f
∂t
(
∂
∂x3
+
∂
∂x4
)
and all the Poisson brackets are zero.
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Formally, the definition of Hamiltonian actions and equivariant momen-
tum maps will be the same as in symplectic geometry [16, 19], but, (5.4)
will be taken into account. Let us assume the existence of a Hamilto-
nian action of the Lie group G on the almost symplectic manifold (M,ω)
and of an equivariant momentum map J : M → g∗ from M to the dual
of the Lie algebra of G. We recover a situation of the type described in
Example 5.1 in the following way. Take N = J−1(θ) where θ ∈ g∗ is a
non critical value of J. The submanifold N is invariant by the subgroup
G′ = Gθ, the isotropy subgroup of θ by the coadjoint action of G on g
∗
and N ∩ G(x) = Gθ(x), where x ∈ N , G(x) denotes the G-orbit of x and
Gθ(x) denotes the Gθ-orbit of x. Then, ∀x ∈ N , TxN ⊥ω Tx(G(x)) (this
is an algebraic fact [16], hence, it holds in the almost symplectic case too),
therefore, K = ann(ι∗ωx) = TxN ∩ Tx(G(x)) = Tx(Gθ(x)), and properties i),
ii) of Example 5.1 hold. Thus, we get the following result.
Proposition 5.4. 1. Assume that the Lie group G has a Hamiltonian action
on the almost symplectic manifold (M,ω) with equivariant momentum map
J. Let N = J−1(θ), where θ ∈ g∗ is a non critical value of J and assume
that the action of Gθ on N is free and proper. Then, there exists a reduced
almost symplectic manifold (Q,̟) of (M,ω) via N . 2. Let γ be a G-invariant
metric on M , which is non degenerate on N = J−1(θ) and on the orbits of
Gθ and satisfies the conditions (5.1), (5.2) (K = TGθ(x), x ∈ N). Then,
Q also has a reduced metric λ and (Q,̟, λ) is almost (pseudo-)Hermitian
or para-Hermitian, according to the sign in (5.1). 3. In the integrable, para-
Hermitian case, consider a field given by a compatible metric g on M , which
is G-invariant, has non degenerate restrictions to N and to the orbits of Gθ
and such that the orbits Gθ(x), x ∈ N have the same normal bundle for the
two metrics ι∗γ, ι∗g. Then, the reduced manifold (Q,̟, λ) is endowed with a
reduced field given by a reduced, compatible metric µ.
Proof. Conveniently put together the results of Propositions 5.1, 5.2, 5.3.
The missing detail is the projectability of the normal components of the
metrics ι∗γ, ι∗g to Q. But, this is an obvious consequence of the G-invariance
of the metrics γ, g.
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6 Examples
We will define compatible metrics on several well-known para-Hermitian
manifolds, whose definition we recall.
Example 6.1. [4] Let G be a connected Lie group endowed with a left
invariant (pseudo-)Riemannian metric µ, and let (Xi), (ω
i) be a basis of left
invariant vector fields and the dual basis of left invariant 1-forms, respectively.
Put M = G1 × G2 where G1 = G2 = G, ι1(g) = (g, e), ι2(g) = (e, g), where
e is the unit of G, π1(g1, g2) = g1, π2(g1, g2) = g2 and, generally, attach the
index 1, 2 to images by ι1, π1, ι2, π2, of objects of G. M has two almost
para-complex structures given by
FX1 = X1, FX2 = −X2, HX1 = X2, HX2 = X1, X ∈ TG,
the non degenerate, neutral metric
γ = µij(ω
i
1 ⊗ ω
j
2 + ω
i
2 ⊗ ω
j
1) (µ = µijω
i ⊗ ωj),
the (pseudo-)Riemannian metric
g = µij(ω
i
1 ⊗ ω
j
1 + ω
i
2 ⊗ ω
j
2)
and the 2-form
ω = µijω
i
1 ∧ ω
j
2.
It is easy to see that (M,F, γ) is a para-Hermitian manifold with the funda-
mental form −ω and that g is a compatible (pseudo-)Riemannian metric with
corresponding almost para-complex structure H . Using the Cartan equations
dωi =
1
2
(cijkω
k ∧ ωj)
where cijk are the structure constants of the Lie algebra g of G, it follows that
M is para-Ka¨hler (dω = 0) iff the group G is Abelian, e.g., a torus.
Example 6.2. Let M = TN be the total space of the tangent bundle of
an n-dimensional, (pseudo-)Riemannian manifold N with the metric µ. M
has a natural almost para-complex structure F with the eigenbundles L+ =
H, L− = V, where V is tangent to the fibers of TN and H is the horizontal
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distribution of the Levi-Civita connection ∇µ of µ (e.g., [1, 4]). A tangent
vector X ∈ TN has a horizontal and a vertical lift defined by
Xhor = X i
(
∂
∂xi
− Γkij x˙
j ∂
∂x˙k
)
, Xvert = X i
∂
∂x˙i
,
where xi are local coordinates on N , x˙i are the corresponding natural coor-
dinates along the fibers of TN , X = X i(∂/∂xi) and Γkij are the Christoffel
symbols. Then,
FXhor = Xhor, FXvert = −Xvert,
there exists an F -compatible metric γ on M given by
γ(Xhor, Y hor) = 0, γ(Xvert, Y vert) = 0, γ(Xhor, Y vert) = µ(X, Y ),
and (TN, γ, F ) is an almost para-Hermitian manifold.
A second almost para-complex structure H is given by
HXhor = Xvert, HXvert = Xhor
and the second condition (2.4) holds. Therefore, (TN, γ, F,H) is a (pseudo-
)Riemannian, almost para-Hermitian manifold. The compatible metric g
defined by H is
g(Xhor, Y hor) = µ(X, Y ), g(Xvert, Y vert) = µ(X, Y ), g(Xhor, Y vert) = 0
and it is the so-called Sasaki metric on TM . If the metric µ is flat, H is
integrable and we are in the case of a (pseudo-)Riemannian, para-Ka¨hler
manifold endowed with the Sasaki field g.
Example 6.3. [6] Take M = W ⊕ W ∗, where W is a real n-dimensional
vector space and W ∗ is its dual space. M has a structure of para-Hermitian
vector space with the para-complex structure F |W = Id, F |W ∗ = −Id and
the metric
γ((X, ξ), (Y, η)) = η(X) + ξ(Y ), X, Y ∈ W, ξ, η ∈ W ∗.
The corresponding fundamental form is
ω((X, ξ), (Y, η)) = ξ(Y )− η(X).
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Let (xi, yi)
n
i=1 be coordinates with respect to dual bases (ei), (ǫ
i) in W,W ∗.
Then, the tangent spaces of M may be identified with W ⊕W ∗ by sending
xiei, yiǫ
i to xi(∂/∂xi), yi(∂/∂yi) and we get the para-Ka¨hler structure
(6.1) F
∂
∂xi
=
∂
∂xi
, F
∂
∂yi
= −
∂
∂yi
, γ = dxi ⊗ dyi, ω = −dx
i ∧ dyi.
We can construct a compatible metric g on M starting with a corresponding
pair (g−, β−) (see Section 2) where g− is induced on W
∗ by a metric s on W .
Then, formulas (2.6) give
g((0, ξ), (0, η)) = s−1(ξ, η), g((0, ξ), (X, 0)) = β−(ξ, ♭sX),
g((X, 0), (Y, 0)) = s(X, Y ) + β−(♭sX, ♭βY )
(β is defined by β− by (2.8)).
Example 6.4. [6] The para-complex projective model is the manifold P 2(n−1)
which is the quotient of M \M0, where M is the manifold of Example 6.3,
M0 = {(X, ξ) / ξ(X) = 0}, by the group Dl(2,R) of real, non degenerate,
diagonal 2 × 2 matrices acting by (X, ξ) 7→ (aX, bξ), ab 6= 0. Formulas
(6.1) show that F and the metric γ˜ = (1/xiyi)γ are invariant under the
action of Dl(2,R), therefore, they project to a para-Hermitian structure on
P whose fundamental form is the projection of ω˜ = −dxi ∧ dyi/x
iyi. The
latter projection is closed and the obtained structure of P is para-Ka¨hlerian.
Indeed, one also has
P = M+/Dl+(2,R) = S/R+,
where M+ = {(X, ξ) / ξ(X) > 0}, Dl+(2,R) is the subgroup of Dl(2,R) with
a > 0, b > 0, S = {(X, ξ) / ξ(X) = 1} and R+ is seen as the subgroup of
Dl(2,R) such that a > 0, b > 0, ab = 1. Accordingly, the metric induced on
P by γ˜ is also the pullback of γ˜ to the quotient of S by R+, and, under the
restriction ξ(X) = xiyi = 1, we get dω˜ = 0.
Furthermore, take the form β− = 0 and the metric g− = s
−1 for
s = (1/(sijx
ixj))(sijdx
i ⊗ dxj)
where sij = const. are the components of a positive definite metric on W .
We may define s in this way since xiyi 6= 0 implies that not all x
i vanish
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and s is invariant by (xi) 7→ (axi), a 6= 0. The corresponding γ˜-compatible
metric of M+ is given by
g =
sijdx
i ⊗ dxj
sijxixj
+ (shlx
hxl)sijdyi ⊗ dyj.
The metric g is not invariant by the action of Dl+(2,R). But its pullback to
S is invariant by the action of R+ on S, hence, it projects to a metric of P ,
which together with the projections of F and of the pullback of γ˜ to S make
P into a Riemannian para-Ka¨hler manifold.
Addendum. The name “projective model” comes from the fact that its construction
is related with the construction of the para-complex projective space (e.g., [15]) which is
worthy to be recalled. Denote by pC the algebra of para-complex numbers defined by
(6.2) pC = {z = p+ qh / p, q ∈ R, h
2 = 1} ≈ al(2,R) :=
{(
p q
q p
)}
.
(Other names encountered in the literature are split-complex numbers, Study numbers,
hyperbolic numbers, etc., and other notations are A,H, etc.) pC is endowed with the
conjugation involution z¯ = p− qh and z is invertible iff zz¯ = p2 − q2 6= 0. Denote by pC0
the subset of non-invertible para-complex numbers and by pCinv the subset of invertible
numbers; the latter is isomorphic to the multiplicative group Al(2,R) of non degenerate
matrices of the form (6.2). If we define new components
α = p+ q, β = p− q,
we get an algebra isomorphism
(6.3) pC ≈ B := R
2
seen as the direct sum of two copies of R with its usual algebra structure (in particular
(α, β) · (α′, β′) = (αα′, ββ′)). Conjugation now means (α, β) = (β, α) and the invertibility
condition becomes α.β 6= 0; the set of non-invertible elements will be denoted by B0 and
that of invertible elements by Binv.
The n-dimensional, para-complex projective space is defined by imitating the definition
of the real and complex projective spaces as follows. Put
pCP
n = {[(z1, ..., zn+1)] / zi ∈ pC,
n+1∑
i=1
|ziz¯i| 6= 0},
where the bracket denotes the equivalence class by the equivalence relation
(z1, ..., zn+1) ≈ λ(z1, ..., zn+1), λ ∈ pCinv.
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The condition
∑
n+1
i=1 |z
iz¯i| 6= 0 means that at least one of the homogeneous coordinates zi
is invertible, i.e., we have
pCP
n = (pC
n+1 \ pC
n+1
0 )/{v ≈ λv, ∀v ∈ (pC
n+1 \ pC
n+1
0 ), ∀λ ∈ pCinv}
and, with the isomorphism (6.3), we have
pCP
n = (Bn+1 \Bn+10 )/{ζ ≈ µζ, ∀ζ ∈ (B
n+1 \Bn+10 ), µ ∈ Binv}.
By taking the components ζ = (a, b), we get an identification pCP
n ≈ RPn ×RPn.
Now, we restrict the previous construction and define
BP
n = {[(z1, ..., zn+1)] / zi ∈ pC,
n+1∑
i=1
ziz¯i 6= 0}
≈ {[(α1, β1), ..., (αn+1, βn+1)] /
n+1∑
i=1
αiβi 6= 0},
where, in the second expression, the bracket denotes the equivalence class by the equiv-
alence relation defined by multiplication with µ = (κ, σ) such that κσ 6= 0. The set that
defines BPn is a subset of the set that defines pCP
n. Obviously, the space BPn is the
projective model defined by the linear space W = Rn+1.
Notice also that the same spaceBPn is obtained if we ask
∑
n+1
i=1 z
iz¯i > 0 (
∑
n+1
i=1 α
iβi >
0) and ask µ = (α, β) to satisfy the condition α > 0, β > 0, which is equivalent to asking
the factor λ = l+ sh to satisfy the conditions l > 0, l2− s2 > 0. Indeed, if
∑
n+1
i=1 α
iβi < 0,
we may multiply by the factor (1,−1) and get an equivalent element with
∑
n+1
i=1 α
iβi > 0.
The spaces pCP
n and BPnare covered by n + 1 domains of para-complex, non-
homogeneous coordinates, e.g., ui(n+1) = z
i/zn+1, i = 1, ..., n, on the domain zn+1 ∈
pCinv, etc. This shows that pCP
n and BPn are real, differentiable manifolds of dimen-
sion 2n.
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